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SHARP DIMENSION ESTIMATES OF HOLOMORPHIC
FUNCTIONS AND RIGIDITY

BING-LONG CHEN, XIAO-YONG FU, LE YIN, AND XI-PING ZHU

ABSTRACT. Let M™ be a complete noncompact Kahler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Denote by
O4(M™) the space of holomorphic functions of polynomial growth of degree
at most d on M™. In this paper we prove that

dimcOq(M™) < dimcOq)(C"),

for all d > 0, with equality for some positive integer d if and only if M™ is
holomorphically isometric to C™. We also obtain sharp improved dimension
estimates when its volume growth is not maximal or its Ricci curvature is
positive somewhere.

1. INTRODUCTION

In this paper we discuss the function theory of complete manifolds with nonneg-
ative curvature. Recall that the classical Liouville theorem states that any bounded
(or even just positive) harmonic function is constant on Euclidean space. In [22],
Yau extended the classical Liouville theorem to complete noncompact Riemannian
manifolds with nonnegative Ricci curvature. It was further shown by Cheng and
Yau in [4] that any harmonic function with sublinear growth on a complete non-
compact Riemannian manifold with nonnegative Ricci curvature must be constant.
For the space consisting of all harmonic functions of polynomial growth of degree
at most d on a complete noncompact Riemanian manifold M™ of real dimension
m with nonnegative Ricci curvature, denoted by Hq(M™), Yau asked in [23] if the
dimension of H4(M™) is finite for each positive integer d, and if there holds

dimpHag(M™) < dimgHq(R™)

for each positive integer d, with equality for some positive integer d if and only if
M™ is isometric to R™. The first question was affirmativelly answered by Colding
and Minicozzi [3], and in [12] Li produced an elegant short proof. For the latter
question, the sharp upper bound estimate is still missing except for the special
cases m = 2 or d = 1 obtained by Li-Tam [I4], [15] and Kasue [10], and the rigidity
part is only known for the special case d = 1 obtained by Li [11] and Cheeger-
Colding-Minicozzi [2]. On the other hand, the example of Donnelly [§] shows that
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one cannot expect the above sharp dimension estimates to have the stronger version
dimpHq(M™) < dimRH[d] (Rm)

for each positive real number d, where [d] is the greatest integer less than or equal
to d.

In complex geometry, geometers studied (holomorphic) function theory with the
primary reason to prove a uniformization-type theorem in higher dimensions. In
[20], Siu-Yau initiated a program of using holomorphic functions of polynomial
growth to holomorphically embed a complete Kahler manifold into complex Eu-
clidean spaces in an effort to generalize the classical uniformization theorem. The
well-known uniformization conjecture for parabolic manifolds asks if every complete
noncompact Kéhler manifold with nonnegative holomorphic bisectional curvature
is biholomorphic to a complex vector bundle over a compact Hermitian symmetric
space. For this sake, Yau [23] proposed to study the spaces of holomorphic functions
of polynomial growth on complete noncompact Kahler manifolds with nonnegative
holomorphic bisectional curvature. Let us denote by O4(M™) the space of holomor-
phic functions of polynomial growth of degree at most d on a complete noncompact
Kahler manifold M™ of complex dimension n with nonnegative holomorphic bisec-
tional curvature. The complex counterpart of the above Yau’s conjecture states
that there holds

dimcOg(M™) < dimcO4(C™)
for each positive integer d, with equality for some positive integer d if and only if
M™ is holomorphically isometric to C™. In a recent beautiful work [I8], Ni obtained
the following stronger version of dimension comparison result under an additional
condition that the Kéhler manifold M™ is of maximum volume growth.

Theorem 1.1 (Ni [I8]). Let M™ be a complete noncompact Kihler manifold of
complex dimension n with nonnegative holomorphic bisectional curvature. Assume
that M™ is of maximum volume growth, i.e.,

Vol(B(zo,7)) > cr®™,  for all 0 < r < o0,
for some point o € M™ and some positive constant c. Then
dimcOg(M"™) < dimeOjq(C"),  for each d > 0,
where [d] is the greatest integer less than or equal to d.

Our first result in this paper is the following theorem which resolves the remain-
ing cases for the dimension comparison and establishes the rigidity.

Theorem 1.2. Let M™ be a complete noncompact Kdhler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Then there holds

dimcOg(M"™) < dimcOjq(C"),  for each d > 0.

Moreover the equality holds for some positive integer d if and only if M™ is holo-
morphically isometric to the complexr Fuclidean space C™ with the standard flat
metric.

Our proof of this theorem is inspired by the recent work [I§]. In [I8], Ni obtained
a Li-Yau-Hamilton type inequality and interpreted it as Bishop-Lelong monotonic-
ity on complete Kéahler manifolds with nonnegative bisectional curvature. Under
the maximal volume growth assumption, Ni [I§] showed that this monotonicity
implies a bound of the vanishing order of a holomorphic function at a fixed point
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by its degree of polynomial growth. We observe that this estimate actually holds
for the general case. Thus by a standard Poincaré-Siegel argument, this will give
the sharp dimension estimates. For the rigidity part, we will use the equality of the
sharp dimension estimate for some positive integer to force the Li-Yau-Hamilton
type inequality to become an equality and then apply the strong maximum princi-
ple and the Laplacian comparison theorem to conclude that the manifold must be
Euclidean. These arguments are reminiscent of some recent developments of the
Ricci flows by Hamilton [9], Cao [I], Chen-Zhu [5] and Ni [I7], where the equality
in the Li-Yau-Hamilton inequality of the Ricci flows was used to characterize the
type II and type III singularity models as steady and expanding Ricci solitons.

We next try to improve the above dimension estimates when the Kéhler mani-
folds are not isometric to the flat complex Euclidean space C™. The second result
of this paper is the following.

Theorem 1.3. Let M™ be a complete noncompact Kdhler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Assume that the
Ricci curvature of M™ is positive at least at one point in M™. Then there exists a
positive constant € € (0,1) such that

dimcOqa(M™) < dimc Oy -y (C"),
for any positive integer d > 0.

We remark that the positive constant € is depending on the manifold. In Section
3, we will present a family of complete noncompact Kahler manifolds with positive
holomorphic bisectional curvature such that for each € € (0,1), there exists an
element of this family such that the equality in the above Theorem 1.3 holds for each
positive integer d. We also remark that the assumption that the Ricci curvature is
positive at least at one point in M™ is almost necessary. In fact, by considering the
product manifold C? x My~ ? with 1 < p < n, we have dimcO1(CP x M3y ™) > p+1,
but dimcOp_q(C") = 1 for any € > 0.

The third result of this paper is to estimate the dimension in terms of the volume
growth and to establish the corresponding rigidity.

Theorem 1.4. Let M™ be a complete noncompact Kdhler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Suppose there
exist g € M, and k > 0, C > 0 such that,

Vol(B(xg,r)) < C(1+7)%*,  forall r > 0.
Then there holds
dimcOq(M™) < dimcOjq (CH¥hy, for each d > 0.
Moreover the equality holds for some positive integer d if and only if M™ is holo-

morphically isometric to CIFl x M;f[k] for some complete Kihler manifold M;f[k]

of complex dimension n — [k] with nonnegative holomorphic bisectional curvature
which carries no nontrivial holomorphic functions of polynomial growth.

Observe that the assumption on the curvature and the Bishop volume comparison
theorem asserts that
Vol(B(xo,r)) < wo,r®™, for all r >0,

where wa,, is the volume of the unit ball in R?”. On the other hand, a theorem of
Calabi and Yau [2I] asserts that Vol(B(xo,r)) must grow at least linearly. Hence
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the constant k£ in Theorem 1.4 must exist and satisfy 1 < k < n. In particular,
Theorem 1.2 is a special case of Theorem 1.4. The real counterpart of Theorem 1.4
for harmonic functions of polynomial growth had been studied by Li-Tam [14], [15],
Kasue [10], Li [1I] and Cheeger-Colding-Minicozzi [2] for the special cases d = 1 or
real dimension m = 2. However the general case remains as open questions (see for
example Question 9.6 and Question 9.7 in [13]).

We organize the paper as follows: in Section 2 we prove Theorem 1.2; in Section
3 we prove a slightly generalized version of Theorem 1.3; finally in Section 4 we
give a proof of Theorem 1.4.

2. SHARP DIMENSION ESTIMATE AND RIGIDITY

Let M™ be a complete noncompact Kahler manifold of complex dimension n.
Fix a point o € M™. We call a holomorphic function f of polynomial growth if
there exists d > 0 and C depending on x(, d and f such that

[f(@)] < CA+ri(a,m)), YaeM",
where 7(xz, o) is the distance between z and xg. For a holomorphic function f of
polynomial growth on M™, we define the degree of f by
(@) < C(1L+ri(w,20)), V€M™, }

eg(f) =in { for some d > 0 and C = C(d, z, f)

It is clear that the definition of deg(f) is independent of the choice of the point
xo in M™. For any d > 0 we denote by O4(M™) the complex linear space of all
holomorphic functions of polynomial growth of degree at most d on the Kahler
manifold M™.

For any f € O4(M™), we consider the following heat equation:

(% — Au(z,t) =0, zeM", t>0,

(2.1)

u(z,0) = log|f(x)|*, «e€M"
Assuming the Kéhler manifold M™ has nonnegative Ricci curvature, it is shown by
Ni (see Lemma 3.1 in [I8]) that the equation (2.1) admits a smooth solution u(x,t)
on M™ x (0,+00) and the solution u(z,t) is given by

(2.2) u(z,t) = / H(x,y,t)log|f(y)|*dy, VY x€ M, t>0,
M
where H(z,y,t) is the heat kernel of M™.

Lemma 2.1. Let M™ be a complete noncompact Kdahler manifold with nonnegative
Ricci curvature and let u(x,t) solve the heat equation (2.1). Then

t
lim sup w@,?) <d.
t—too lOgt

Proof. We write the solution u(z,t) in terms of the heat kernel as

u(e t) = /M H(x, . t)log| (y) 2dy

H(. y, t)log|f (4) 2y + / H(z,y, t)log| f(y)*dy.

/{T(r,y)ﬁx/f} (z,y)>Vt}
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where r(z,y) is the distance function from the point x € M™. Since f € O4(M™),
for arbitrary € > 0, there exists a positive constantsSharp dimension estimates
C = C(d, €z, f) such that

If(y)] < C(1+ 7 (z,y), Vye M

Then we have for ¢t > 1,

u(z,t) < / H(z,y,t)((d+ e)logt + C1)dy
r(z,y) <V}

+/ H(z,y,t)((d + €)logr®(z,y) + C2)dy
r(z,y)>Vt}

< (d+e)logt+C’3+(d+e)/ H(x,y,t)log(TQ(x’y))dy

{r(zy)>vi} t
for some positive constant C7, Co, C3 depending only on d, €, x and f. Here we
have used the fact that [, H(z,y,t)dy = 1.
By applying the heat kernel estimate of Li-Yau [I6] and the standard volume
comparison, there exist positive constant C(n) and C(n) depending only on the
dimension such that

2
/ H(a,y. )log(—E W )ay
{r(zy)>vt}
1 r(@,y) r?(@,y)
<C(n / —— —exp(— ~22) - log ) dy
" {ray)>vay Vol(B(z, V1)) 5 ) oo
<O(n)i / ;el‘ (_T2($7y)) ZO (rz(x?y))d
= Vol(B(z, Vi) PV 5t N W
T2V (,y) 228V}
& 22k
<C(n) Y exp(—=—) - log2>"+1) . (2k+1)2n
5
k=0
Hence we have for ¢ > 1,
u(x,t) < (d+ €)logt + C3 4 (d + €)C(n),
which completes the proof of Lemma 2.1. O

For a nontrivial holomorphic function f € O4(M™), the vanishing order of f at
a fixed point x € M™ is defined by

ord, (f) = max{m| D*f(z) =0, V |a] < m}.
The following result was obtained by Ni in [I§].

Lemma 2.2 (Ni [I8]). Let M™ be a complete noncompact Kihler manifold with
nonnegative holomorphic bisectional curvature. Also, let u(x,t), © € M and t €
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(0, +00), be the solution of heat equation (2.1) with f € Oq(M™) a nontrivial
holomorphic function. Denote w(x,t) = %u(aj,t). Then

}in(l) tw(z, t) = ordg(f).
We are now ready to prove Theorem 1.2.

Proof of Theorem 1.2. Let M™ be a complete noncompact Kéhler manifold of com-
plex dimension n with nonnegative holomorphic bisectional curvature. For any
nontrivial f € Oy(M™), let u(z,t), on M™ x (0,+00), be the solution of the heat
equation (2.1). When we consider the trivial line bundle M"™ x C — M™ equipped
with the metric e=“(**) on the fibers, the complex Hessian u;; corresponds to the
bundle curvature tensor, and the heat equation (2.1) is exactly the Hermitian Yang-
Mills flow for Hermitian metric.

Differentiating the equation (2.1) we have for normal coordinates at a point
0*u
()i = Rikigni ¥ o rpzri07

and by definition and an easy computation
Aug; = 5(“:‘3,1& + U5 k)

0*u 1
= dzivzioros o T + Rigui):
Thus the bundle curvature tensor u;; satisfies the complex Lichnerowicz-Laplacian
heat equation

0
(5~
It was shown by Ni [I§] (Lemma 2.1 in [I8]) that the nonnegativity of the bundle
curvature tensor u;; is preserved for all # > 0. More importantly, Ni [I8] (Corollary
2.2 in [I8]) proved that the Hermitian Yang-Mills flow possesses a Li-Yau-Hamilton
inequality (as Ricci flow or mean curvature flow)

1
(2.3) A)ug; = Rypizupg — §(Rimz3 + Rjju;p).

(2.4) Z(V) 2wy + Viw - VE 4+ Viw - VF 4 us ViV 4+ = >0

w
t
on M™ x (0,+00) for any (1,0) vector field V. Here w(z,t) = Zu(z,t) = Au(z,1)
is the trace of the bundle curvature tensor. In particular by choosing V' = 0,

(2.5) %(tw(x, £) >0,

on M™ x (0,+00).

We now follow an argument of Ni in [I§] by using (2.5), Lemma 2.1 and Lemma
2.2 to derive a sharp bound on the vanishing order of the holomorphic function.
For a large enough positive integer p, we have

t ,L

u(z,t) = /1 w(zx, s)ds + u(x,1) > /t %w(m,t%)ds + u(z, 1)

1
P

1 1
=(1—--)logt- ﬁw(:c,t%) + u(x,1).
p
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By combining with Lemma 2.1, we have
1
lim sup(1 — —)t%w(m,t%) <d
t—oo p
and by arbitrariness of p,
lim sup tw(x,t) < d.

t—o0
So by combining with (2.5), we deduce
(2.6) tw(z,t) <d, forallt>D0.

On the other hand, from Lemma 2.2,

tliiI(l) tw(z, t) = ordg(f).
Hence we have the following sharp bound on vanishing order:
(2.7) ord.(f) <|[d], for any nontrivial f € Oq(M"),

since the vanishing order needs to be an integer.

We then perform the standard Poincaré-Siegel argument. For the fixed x € M™
and a local holomorphic coordinate system {z!,--- , 2"} near z, define the Poincaré-
Siegel map

P:0O4M"™) — Chkua

f — (f(!E),Df(:E), s Df(z),--+), for all |a| < [d]7

where kig) = dimc(Opg(C")). The inequality (2.7) implies that the map P must be
injective. Thus we have proved

for each positive real number d.
From now on, we study the rigidity part of Theorem 1.2. Suppose there exists a
positive integer d such that

dim@(’)d(M") = dimCOd((C”).

From the above argument we know that there exists a nonconstant function f €
Oq(M™) and a point g € M™ such that

ordg, (f) = d.
Let u(x,t) be the solution of the heat equation (2.1) with the initial data log|f|?,
and let w(x,t) = %u(m,t) = Au(z,t). By (2.6) and Lemma 2.2, we have
tw(zg,t) =d, forallt >0,
which implies

(2.9) Z(0) = (w; + %)(xo,t) =0, forallt>0.

In the following we distinguish two cases. Case (i): (u;5(7,t)) is positive definite
on M"™ x (0,+00) and Case (ii): (u;;(w,t)) has nontrivial kernel for some (z,t) €
M™ x (0, 400).

Let us first consider Case (i). Recall from (2.4) that

Z(V) 2w, + % +Viw - VE 4 Viw - VF 4wV >0
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on M™ x (0,+o00) for any (1,0) vector field V. Since (u;;) > 0, we see that there
exists a unique smooth vector field V' which minimizes Z and satisfies

Viw + u,ng =0, everywhere,

by the first variation formula. We then consider the function Z = Z(V') by taking
V to be the unique minimizing vector field. It was shown by Ni in Lemma 1.3 of

[18] that the function Z satisfies, for normal coordinates at a point,
0 - 1 1
(a — A)Z =R5uiV'V? 4 u5(ViVy — ;gj;;)(vk‘/% - ?glﬁ)
(2.10)
27

+ug VeViVeV — =
Note that the bisectional curvature is nonnegative, u is plurisubharmonic and by
(2.9) Z(x0,t) =0 for all ¢ > 0. Thus by the strong maximum principle, we see that
the function Z must be identically zero everywhere. And from (2.10) we have

(2.11) R ViVI =0,

1 1
(2.12) u;(ViVj — Eng)(VkVE - Egki) =0,
(2.13) ui; ViViViV; =0,

everywhere on M" x (0, 4-00). Since we assumed that (u;;(z,t)) is positive definite
everywhere in Case (i), we have from (2.12) and (2.13),

ViV; = V;iVi = 195,
ViV; = ViV; = 0.

Let us first assume that the manifold M™ is simply connected. Then there exists a
function ¢ on M™ such that

(2.14)

Note that for any normal geodesic -y, we have

d2
(215) S0 on(s) = Hess(o)(1,7') = 1.
This implies that ¢ is a proper convex function. Let pg € M™ be the unique
minimizer of ¢. We may assume ¢(pg) = 0. Then from (2.15) it is clear that
1
—r
2
Hence by (2.14) and the rigidity part of the standard Hessian comparison theo-
rem (or Laplacian comparison theorem), we know that M™ is flat and then M is

holomorphically isometric to C™ since M™ is assumed to be simply connected.
To remove the simply connectedness assumption, we note that

dimcOg(M™) < dimcOq(M™),

@(x) = 2(1‘,p0), on M™.

where M™ is the universal cover of M. Thus from (2.18) and the assumption on
d, we have
dimcO4(M™) = dimcOy4(C™),
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and then by the above argument, M" is holomorphically isometric to C". Note
that every function in O4(M™) can be lifted as a function of O4(M™). This means
that the complex linear space O4(M™) is a subspace of O4(M™). Since

dimcOg(M™) = dimcOy4(M™) = dimcOy(C"),

we see that every function in Og(M™) is m (M")-invariant. Let z',--- 2" be
the coordinate functions on M™ = C". Obviously z!,--- 2" € Og(M™). Let
o € m(M™) be a deck transformation. Since the functions 2!, -+ 2" are my (M™)-

invariant, we have
U([Z,L:()D:[zz:o]’ fOI"L-Zl,"-ﬂ’l.

Hence
n n

o({0}) = o(([z' = 0)) = [ [" = 0] = {o}.
i=1 i=1
This implies 71 (M™) = 0, so we have finished the proof of Case (i).

We next consider Case (ii). The argument of the previous paragraph tells us
that we may assume M" is simply connected. Recall that (u;;(z,t)) is nonnegative
definite on M™ x (0,4+00) and satisfies the complex Lichnerowicz-Laplacian heat
equation (2.3). Suppose that the matrix (u;;(x,t)) has nontrivial kernel at some
(Z,t) € M™ x (0,+00). Then by (2.3) and the strong maximum principle, we know
that for all t < ¢ and x € M"™, (u;5(x,t)) has nontrivial kernel. Denote the kernel
space of (u;(x,t)) by K(x,t) € Tp°M™. It was shown by Ni-Tam in Corollary
2.1 of [19] that there exists £ € (0,7) such that for any 0 < t < #, K(x,t) is a
distribution which is invariant under parallel translations. Moreover the Kéahler
manifold M™ splits isometrically and holomorphically as

M™ = MP x My ™"

with 1 < p < n, where K corresponds the tangent bundle of M{ and (u;;(z,t)) >
0 on My P x (0,#). Both M} and Mj P are complete Kéhler manifolds with
nonnegative holomorphic bisectional curvature.

Write & = (z1,22) € M™ = MY x My~ " with z; € M} and 2o € MY ™", Since
the restriction u;] yr v (0.7 = 0, we have that for any fixed x5 € My ™" and t € (0,7),
the function u(-,ze,t) is a pluriharmonic function on M?. This is,

dy, dS u(-, x2,t) =0, on MY,

r1 Yz

where d,, is the exterior differential on M} and dS, =+/—1 (02, — O, ) is the usual
real operator. By the heat kernel estimate of Li-Yau [I6], it is not hard (see for
example Corollary 1.4 in [19]) to see that the function u(-, x2,t) is at most upper
logarithmic growth on M} (but we cannot ensure such a lower bound). Since we
assumed M" is simply connected, MY is also simply connected. Thus there exists
a real function v on MY such that

dg u(-,x2,t) = dg,v(-), on MY,
ie.,
V—1(0zy — O )ul-, 29, t) = (0, + 0z, )v(-), on MY,
which implies

Oz, (u(-,z2,t) + vV—1v(-)) =0, on M}.
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So u(+, z2,t) ++v/—1v(-) is a holomorphic function on M?. Let a > 0 be a positive
constant and set
F() = e0@laa+V/=To0)  on P,

Clearly the function F is holomorphic on MY. When we choose « > 0 small enough,
there holds
[F(a1)] < OO+ r(en,z67))?,

for all z; € MY and for some fixed :1;(()1) € MP, since the function u(-,z2,t) is at
most upper logarithmic growth on M7. It then follows from Cheng-Yau [4] (or
the vanishing order estimate (2.7)) that F is constant on M?. This implies that
u(-, 2, t) is constant on M7 . Hence the solution u(z,t) can be regarded as a solution
of the heat equation (2.1) on M3 7 x (0, ) with positive definite (u;;(x,t)). Clearly
the solution u(z, t) is actually defined on My ™" x (0, 4-00), and (u;;(x,t)) is positive
definite everywhere (by the strong maximum principle) on M3 " x (0, +00).
The equation (2.9) tells us the function w(zx,t) = %u(x,t) = Au(z,t) satisfies

Z(0) = (we + %)(xo,t) =0, forallt>0,

for some g € My ~P. Then by repeating the argument of Case (i) we conclude that
M3 ™" is holomorphically isometric to C"~?, so

(2.16) M™ = MP x C"P,

isometrically and holomorphically. Since the function f € Oq(M™) with ord,, (f) =
d > 0 is nonconstant, it is clear from the strong maximum principle (see for example
Lemma 3.1 in [I8]) that w(z,t) > 0 everywhere on M™ x (0,4oc0). This says the

rank of (u;;(z,t)) is at least 1. Hence we must have p <n — 1.
We now claim that

(2.17) dim(cod(Mf) = dimc(’)d(@”).

Clearly once this is proved, then by induction on the dimension of the manifolds
we will complete the proof of the rigidity part of Theorem 1.2.

Fix a point (po,q) € MY x C" P and a local holomorphic coordinate sys-
tem (21,22) near the point (po,qo), where 23 = (z{,---,2Y) € M} and 2, =
(23,+++ 29 P) € C"P. For any holomorphic function g € O4(M™), g has a Taylor
expansion near (pg,qo). Let us denote P;(g)(z1,22) to be the polynomial obtained
by truncating the Taylor expansion up to order d, i.e.,

g(z1,22) = Pa(g)(#1, 22) + higher order terms.
Consider the Poincaré-Siegel map
Py: Og(M™) — Oq(C") = O4(CP x C*P),
g  — Palg).
The estimate (2.7) implies that the map P; is injective. Since
dimcOg(M™) = dimcOg4(C™)

by the assumption, we see that the Poincaré-Siegel map P, is an isomorphism
between O4(M™) and O4(C™).

Since MY is also a complete Kéhler manifold with nonnegative holomorphic
bisectional curvature, we then also have the estimate (2.7) for any nontrivial f €
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O4(M?P). Thus the corresponding Poincaré-Siegel map (by considering the Taylor
expansion at pg € M?)

PV 04(MF) — 04(C?)
is also injective. To prove the claim of (2.17), it suffices to prove that chl) is surjec-
tive. Of course, we can regard Oq4(M7) as a complex subspace of Oy(M™), and this

Poincaré-Siegel map Pél) is just the restriction of the original Py on the subspace
O4(MP)(C O4(M™)). Since Py is a bijection between Oq(M™) and Oy4(C™), we only
need to prove the assertion that if g € Og(M™) with Py(g) € Oq(CP)(C O4(C™)),
then g € O4(MY). In fact, for such a g with Py(g) € Oq(CP), g has a Taylor
expansion of the form

9(z1, 22) = Pa(g)(21) + higher order terms
which implies that
(2.18) D2 g9(21,22)|(po,q0) = 0, for any |a| < d and |a] # 0.

Fix z; € M} and consider the function g(z1,-) on C"P. Clearly the function
g(z1,-) belongs to O4(C"P) since g belongs to Og(M™). Thus there also holds
the vanishing order estimate (2.7). So by combining (2.18) we see that g(z1,-) is
constant on C"~P. This says that g is only a function of variable z; € M} and then
gc Od(Mf)

Therefore we have proved the claim of (2.17) and have completed the proof of
Theorem 1.2. O

3. IMPROVED DIMENSION ESTIMATE

Let M™ be a complete noncompact Kéahler manifold of complex dimension n
with nonnegative holomorphic bisectional curvature. By inspecting the proof of
the rigidity part of Theorem 1.2, we have actually proved that if there exists a
holomorphic function f of polynomial growth on M™ such that

ord,(f) = deg(f) >0, for some z € M",
then the universal cover M"™ admits a splitting
NI = MP x €7

isometrically and holomorphically for some p <n — 1. Thus if M™ does not admit
its universal cover M™ splitting isometrically and holomorphically as C x My !,
then we have

ordy(f) < deg(f) — 1,
for all f € Oy4(M™), all points & € M™ and all positive integers d. Consequently,
(3.1) dimcOgq(M™) < dimcO4—1(C™), for all positive integers d.
The following result improves this dimension estimate significantly as d large.
Theorem 3.1. Let M™ be a complete noncompact Kdhler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Suppose its uni-

versal cover M™ does not admit a holomorphically isometric splitting as C x MQ”_l,
Then there exists a positive constant € € (0,1) such that

dimcOg(M™) < dimcOj1-)q(C"),  for all positive integers d.
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Before giving the proof of Theorem 3.1, we remark that Theorem 1.3 in the
Introduction is a consequence of the above Theorem 3.1. Indeed if a Kahler manifold
M™ admits its universal cover M" isometrically splitting as C x Mgnfl, then its
Ricci curvature must have a nontrivial kernel everywhere.

Proof of Theorem 3.1. We argue by contradiction. Suppose for each positive inte-
ger k, there exists a positive integer dj such that

dimcOg, (Mn) > dimco[(l_%)dk] ((Cn)

Since the universal cover M™ does not split isometrically and holomorphically as
C x M}~', we have the estimate (3.1). Tt follows that di > k and then

(0 D

=1
k—o0 dy;

Fix a point g € M™. By the Poincaré-Siegel argument, we know that for each
positive integer k there exists a function fi, € Og4, (M™) such that

(1= )da] < oy ().

On the other hand, by (2.7) we always have
ordy, (fr) < deg(fx) =di, for each positive integer k.

Thus G
. ordg, (fx
lim ——%o\Jk/
k—oo deg(fk)

Let ug(z,t) solve the following heat equation:

{ %uk = Aug, on M" x (0,400),

=1

Uk|t:0:l09|fk|2, on an

and let wg(z,t) = Aug(z,t). We have seen in Lemma 2.2 and (2.6), for each k,

twk(xo,t) > [(1 - %)dEQ(fk)]ﬂ
and

twk(x,t) < deg(fk)ﬂ

forallt >0 and x € M™.
Set

- 1 1
(tg);; = g (7 (ur)iz and Wy, W
Then we have from (2.3),
2 (k)ij = AlTir)ij + Rimij ()i
—5(Ryg(ar)ij + Riz(ar);), on M™ x (0, +00),

twg(z,t) <1, on M™ x (0,400),

twg (xo,t) > Kl_dii)dk] — 1, ask — 4oo, forallt >0,

9" (tg);; =W, and ((@g);;) is nonnegative definite on M™ x (0, +00).
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Since we have uniform bound of (ix);; on every compact subset of M" x (0, +00),
the standard Bernstein trick for linear parabolic equations gives all the higher
derivative uniform estimates of (@);; on every compact subset of M™ x (0, +00).
Then there exists a subsequence of k — 0o so that

for some smooth nonnegative (1,1)-form ,; and some smooth function @ in C*

topology over compact sets of M™ x (0,400), which satisfy
%aﬁ = At; + Ryjpztyg — %(Riﬂ]li + Rj51,;7), on M™ x (0,+00),
tw(z,t) <1, on M"™ x (0,400),

tw(zo,t) > 1, forallt>0,

gﬁﬂﬁ =w and (%) is nonnegative definite on M™ x (0, +0c0).
In particular, we have
tw(zo,t) =1, forallt>0.

Clearly we still have the Li-Yau-Hamilton inequality (2.4) as

w|gl

Z(V) = + Vi - VE + Vid - VE 4+ a5V 4+ — >0
on M™ x (0, +00) for any (1,0) vector field V. Thus the same argument in the proof
of the rigidity part of Theorem 1.2 works in the present situation. Therefore we
conclude that the universal cover M™ splits as

NI = MP x €

isometrically and holomorphically for some p < n — 1, which contradicts the as-
sumption. O

A natural question is to ask if we can choose the positive constant ¢ € (0,1)
in Theorem 3.1 independent of the Kéhler manifold. We now present a family of
examples to show that it is impossible. In [I], Cao constructed a family of complete
Kahler metrics of the form

g% = 0;0;ux(log|2|*), A € (1,+00),

on C™ which are expanding Kéahler-Ricci solitons, where uy : R — R is a suitable
smooth convex and increasing function for each A € (1,400). It was also shown by
Cao [I] that these Kéahler metrics have positive sectional curvature everywhere on
C™. It was further shown in [6] that these Kéhler metrics have positive curvature
in the sense of Nakano (i.e., positive curvature operator on the subspace of (1,1)-
forms), and the geodesic distance from the origin of C™ with respect to the metric
g% (for each X € (1,+00)) is asymptotic to VA|z|* as |z| — +oo. Thus for each
e € (0,1), we properly choose a A € (1,400) such that the K&hler manifold M™ =
(cr, gf‘]—) acquires the equalities for all d in the improved dimension estimate of
Theorem 3.1.
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4. GENERALIZATIONS

The main purpose of this section is to prove Theorem 1.4 in the Introduction.
Let us begin with a lemma on exhausting functions which does not demand a upper
bound on the curvature.

Lemma 4.1. Let M™ be a complete noncompact Kdihler manifold of complex di-
mension n with nonnegative holomorphic bisectional curvature. Then there exists a
positive constant C(n) depending only on the dimension n such that for any a > 0,
there is a smooth function ¢ on M™ satisfying

C(n) 11+ 7‘(3377330)) <p(x) <Ch)(1+ @), r e M,
V| < CELH), on M™,
C(n)

|SDZ§| < a2 ’ on Mna

where xg is a fixved point in M™ and r(x,xq) is the geodesic distance between x and
Zo-

Proof. Consider the following heat equation:

% = Au, on M"™ x (0,400),
(4.1)
ult=o = r(z,20) +1, on M™

It is clear (see for example Lemma 1.2 in [I9]) that the solution w(z,t) exists for
all t € (0,400), and u(z,t) can be represented by

U(Q:? t) = H(.]j, Y, t)(r(y, 1‘0) + 1)dy
M”'L

By the heat kernel estimate of Li-Yau [16], it is not hard (see for example Corollary
1.4 in [19]) to see

(4.2) C(n) (1 +r(x,20)) <ulz,1) < C(n)(1+r(x,20)), forze M,

for some positive constant C'(n) depending only on the dimension n.
From the heat equation (4.1) and the complex Lichnerowicz-Laplacian heat equa-
tion (2.3), it is not hard to see

(& — D) IVul? = —|u;|* — |uy|* — QRZ-;uiu;
(4.3)
< _|ui3|2a
(4.4)
<0,
where A;, i =1, -+, n, are the eigenvalues of u;; with respect to the metric g,; and

we have used the curvature condition in the above two inequalities.

The maximum principles for the solutions of the heat equation (4.1) with at
most exponential growth on complete noncompact Kahler manifolds with nonneg-
ative holomorphic bisectional curvature have been well developed by Ni-Tam in
[19] (especially, Theorem 2.1 and Theorem 3.1 and their proofs in [I9]). In par-
ticular, the maximum principles for Vu(z,t) and u;;(v,t) work in our present case
because the solution u(zx,t) is at most linear growth. It was proved in [15] that
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both |Vu[(z,t) and |u;|(z,t) are subsolutions of the heat equation. Since |Vr| =1,
we have

(4.5) |Vu|(z,t) <1, forallz e M", t>0.

To estimate |uj|(x,t), let v(z,t) = tlu;z(x,t)| + [Vu(z, t)|?. By equation (4.3) and
a direct computation, we have

{ (& — A)(z,t) <1, on M™ x (0,400),

V|t=o <1, on M™.
which implies that
(4.6) lu;;|(x,1) <2, forallze M".

Summarizing (4.2), (4.5) and (4.6), we obtain the desired function ¢(x) = u(z, 1)
for a = 1. For general a > 0, we consider the metric g;; = # g;; on M™. Obviously
the holomorphic bisectional curvature is still nonnegative. By applying the result
for the case a = 1, there exists a function ¢, on (M™, g;5) such that

C(n) ' (1 + F(z,20)) < pa(a) < C(n)(1+7(z, o)),
‘?(Pabi; < C(n),
‘(Spa)ii 9s3 <C(n), onM".
Since 7(z, o) = 2r(z,x0), |Va d; = a|Voalg; and [(¢a)ijlz,; = a®|(¢a)ij g.;+ the
function ¢, (x) fulfills all the requirements of the lemma. Therefore the proof of
Lemma 4.1 is completed. g

It is clear that for the exhausting function ¢ in Lemma 4.1, there holds

(4.7) B(wo, %) C {p < C(n) + 1} C Bz, C(n)(C(n) + 1)a).

We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. Let M™ be a complete noncompact Kahler manifold of com-
plex dimension n with nonnegative holomorphic bisectional curvature satisfying
(4.8) Vol(B(xg,7)) < C(1+7)%*, forall r >0,

for some 1 < k < n. In view of Theorem 1.2, we may assume k < n. Let P denote

the set of all smooth plurisubharmonic functions of at most logarithmic growth.
For the fixed point xg € M™, define a number

o = max{r| h € P, (h;;(wo)) has rank r}.

Obviously 0 < 75, < n. We first claim

(4.9) T < [K] <.

Suppose not; then there exists a plurisubharmonic function A € P such that

(hi3(x0)) has rank at least [k]+ 1. Obviously by adding a constant, we may assume
h(xg) > 2. We modify the function h as follows. First we set

h = max{h, 1} >1

which is a continuous plurisubharmonic function of logarithmic growth. Next we
evolve the function h by the heat equation to get a solution h(z,t) on M™ x
(0, +00). By applying the results of Ni-Tam [19] (see Theorem 3.1, Theorem 2.1
and Corollary 1.4 in [19]) we know that for fixed ¢ = 1, the function h(xz,1) is a

Tz
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smooth plurisubharmonic function on M™, (h;;(xo,1)) also has rank 7., > [k] + 1,
and h(x,1) is still of logarithmic growth and satisfies

(4.10) 1 <h(z,1) < Clog(2 +r(x,x0)), on M",

for some positive constant C. In the following we use this new function h(z, 1) to
replace the original one and still denote it by h.
Since (h;;(wo)) has rank at least [k] + 1, we have

(V=10dn)F+L A n=(E+D) > 0 in a small neighborhood of zg € M™,

where w = \/—1g;;dz" Adz’ is the Kahler form associated to the Kéhler metric g;;.
For any a > 2 let ¢ be the exhausting function obtained in Lemma 4.1. Then there
exists a positive constant § > 0 independent of a such that

_ P N2k (T aap ) kL A n—([k]+1)
4.11) 0<d6< 1 100h A .
(4.11) < /{wgcmm}( Cwr)  YToomTE A

On the other hand, by Lemma 4.1, (4.7) and (4.10), we get from integrating by
parts

P (kD (7 agn) kL A n— (K1)
1 100h A w
/{M(n)ﬂ}( ORI

C’(n) / ¥ 2[k] 51\ [k -
< 1—-— h(v/—100h) Kl A (K]
@ Jopcomin "t @y 1)) MV 100R)

CC(n)loga / @ 2[k] N -
ceinyoga 1 - P 2l(TT9am) A wr W
@ Jiocomin T @D )

(4.12) <
_ ...~ CHEIC () (loga) 1 +D) / ’
S s a2([k]+1) {p<C(n)+1}

n

c([k]+1)@(n) (loga)(F1+1)

= a2([k]+1)

Vol(B(xg, C(n)(C(n) + 1)a)),

where C (n) denotes various positive constants depending only on the dimension n.

The combination of (4.11) and (4.12) gives

q2(K]+1)
>(C——7Frr— >
Vol(B(zg,a)) > C(loga)([k]“)’ Va>2,

for some positive constant C' independent of a. Since [k] + 1 > k, we arrive at a
contradiction with the volume growth assumption (4.8). Thus we have proved the
claim of (4.9).

Let h be a smooth plurisubharmonic function of logarithmic growth such that
(hi3(x0)) has the maximal rank r,,. Evolve the function h by the heat equation

{ %—;‘ = Au, on M" x (0,+00),
Ult=o = h, on M".

Clearly the smooth solution u(x,t) exists for all ¢ € (0,4+00). Also, by applying
the results of Ni-Tam [19] again, we know that for each fixed ¢ > 0, the function
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u(+,t) is still a smooth plurisubharmonic function of logarithmic growth on M™ and
(u;7(o,t)) still has the maximal rank r,,. Then as before by using Corollary 2.1 in
[19], we know that the kernel space K (z,t) of (u;;(x,t)) is a distribution which is
invariant under parallel translations and then (u;;(z,t)) has rank 7., everywhere.
Moreover the universal cover M" splits isometrically and holomorphically as

(4.13) M"™ = M0 x My

)

n—"rg,

where K corresponds the tangent bundle of M, and (u;5(z,t)) >0 on My™ x
(0,400). Both M;"" "™ and M,"® are complete Kihler manifolds with nonnegative
holomorphic bisectional curvature. The estimate (4.9) shows that the complex
dimension of the kernel K is at least n — [k] > 1.

Clearly for any f € Og(M™), we can lift f as a function in Oy(M™), still denoted
by f. In the following we will show that such f must descend to a function of
Ou(M;™).

For any nonconstant f € Oq(M™), let us(x,t) solve the heat equation

{ %uf = Auy, on M" x (0,400),

ufli=o = log(|f|> + 1), on M™.

We see as before by applying the results of Ni-Tam [I9] that the solution u; is
smooth plurisubharmonic with logarithmic growth on M™ for each ¢t € (0,+400)
and there exists £ > 0 such that for any 0 < t < ¢, the kernel space K (z,t) is a
distribution which is invariant under parallel translations, and the universal cover
M™ splits isometrically and holomorphically as

M™ = (Mp)7™" x (My)3
with ((uf)ij)l(Mf);l—q =0 and ((uy)i;)l(ar;)z > 0. Here we have lifted the function
uy to the universal cover and still denoted it by us. Recall that (u;;(x,t)) has max-
imal rank r,, everywhere. It follows that the orthogonal complement K fl(aco7 t) of
Kj(zo,t) is contained in the orthogonal complement K= (zg,t) of K(zo,t), other-
wise (u+ug);5(wo,t) (£ € (0,7)) would have rank > 5, 4 1, which contradicts with
the definition of r;,. Then by the parallel translation invariance of K fL and K1 we
have
Ky Cc K+

and

(4.14) (Mp)g C My™.

Let us write = (21,22) € M™ = (My)]7™? x (My)4 with € (My)7? and
wy € (My)3. Since ((up)ij)l(pr,n-a = 0, we know that for each fixed ¢ € (0,%)
and arbitrarily fixed zo € (My)3, the function uy(-,22,t) is a harmonic function
of logarithmic growth. We then conclude from Cheng-Yau [4] that for each fixed

t € (0,), uy is only a function of the second variable x5 € (My)4. This implies
from Yau’s Liouville theorem [22] that f is only a function of variable x5 € (M;)4.

Thus by combining with (4.14), we have
(4.15) Og(M™) C Oy(My*0),
in particular,

(4.16) dimcOq(M™) < dimcOa(M;™).
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Therefore by using Theorem 1.2 and (4.9), we deduce that
(4.17) dimcOg(M™) < dimcOyq) (C*)y, for each d > 0.

We next discuss the rigidity part of Theorem 1.4. Suppose there exists a positive
integer d such that

dimcOg(M™) = dimcO4(CH).
From (4.16) and (4.17) we know that

and
dimcOg(My™) = dimeOg(CH).

Thus by Theorem 1.2 we deduce that M;zo is holomorphically isometric to C¥1.
So

(4.18) M= M k)

isometrically and holomorphically. Also, by combining with the inclusion (4.15) we
have .

Oa(M™) = Og(M™) = O4(CH).
This says that every function in O4(C*) (C Og(M™)) is 7 (M")-invariant. In

particular, the coordinate functions 2!, --- , z[¥] of CI¥] (regarded as holomorphic
functions of M™ = M ™ x C¥) are my(M™)-invariant.
Let o € 1 (M™) be any deck transformation of M™ and let 29 = (2§, - - ,z([)k})
be any fixed point in CI¥l. By the 71 (M™)-invariance of z!,-- -, zI¥], we have
()] ‘ (k]
a((* = 2] = ([&* = 20,
i=1 i=1
i.e.,

o (7™ x {ag}) = My s ().

Then for each fixed 29 € CI¥l| the deck transformation induces a transformation,
denoted by 0,9, on Mlnf[k]. Let 21 € M{%m, and let x5, x5 € CI¥l be arbitrary.
Then the reduced transformation o, and o, are given by

o(x1,m2) = (00, (21), 22)
and

0'(331, x/Q) = (0-32’2 (]31), x/Q)
Since the deck transformation o is isometric on M"™ = M}' I Cl¥, we deduce
that

Opy (1) = 04y (1), forall z; € M{Li[k].
This implies that the action 71 (M™) on Mm = Mf_[k] x CI*] splits and acts trivially
on the second factor CI*l. Hence
M = (7 m (M) x €

isometrically and holomorphically. Clearly the dimension estimate (4.17) implies

that the first factor (M;" ~[#] /71 (M™)) cannot carry any nonconstant holomorphic
function of polynomial growth.
Therefore we have completed the proof of Theorem 1.4. (I
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Finally it is not hard to see that the combination of the arguments of Section
3 and the above proof of Theorem 1.4 gives the following improved dimension
estimate.

Proposition 4.2. Let M™ be a complete noncompact Kahler manifold of complex
dimension n with nonnegative holomorphic bisectional curvature. Assume that its
Ricci curvature is positive at least at one point in M™ and suppose there exist a
point g € M and positive constants 1 < k < n and C > 0 such that

Vol(B(xg,r)) < C(1+7)%*,  forall r > 0.
Then there exists a positive constant € € (0,1) such that
dimcOg(M™) < dimcOj(1—e)q) (CHM),

for all positive integers d. O
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